Abstract -In this paper we present a theoretical method, together with its experimental confirmation, to obtain structures of light by connecting diffraction-resistant cylindrical beams of finite lengths and different radii. The resulting "Lego-beams" can assume, on demand, various unprecendent spatial configurations. We also experimentally generate some of them on using a computational holographic technique and a spatial light modulator. Our new, interesting method of linking together various pieces of light can find applications in all fields where structured light beams are needed, in particular such as optical tweezers, e.g. for biological manipulations, optical guiding of atoms, light orbital angular momentum control, holography, lithography, non-linear-optics, interaction of electromagnetic radiation with Bose-Einstein condensates, and so on, besides in general the field of Localized Waves (non-diffracting beams and pulses).
meets on the transverse plane where two different-order FWs connect to each other.
Indeed, in this work we extend -theoretically and experimentally-on a method of ours proposed in [24, 26] , by explicitly considering superpositions not only of different order FWs, but also of FWs with the same order but different central longitudinal wavenumbers.
Moreover, we also investigate the superposition of FWs whose longitudinal intensity values have non-zero values inside the same space interval: This allows us creating even coaxial light structures, or cylindrical structures e.g. with "emboli" (blockages), and so on.
We call "Lego-beams" all such structures of light. Our new method of linking together various "pieces of light" can find applications in all fields where structured light beams are needed, such as in particular optical tweezers, e.g. for biological manipulations, optical guiding of atoms, light orbital angular momentum control, holography, lithography, nonlinear-optics, interaction of electromagnetic radiation with Bose-Einstein condensates, and so on, besides, of course, the field of Localized Waves (non-diffracting beams and pulses). 
The method
where
and with k = ω/c and M ν = 1/[J ν (.)] max , quantity [J ν (.)] max being the maximum value of the ν-order Bessel function of the first kind.
For a better comprehension of it, let us explicitly examine the solution given by Eq.(1). First, let ν e have fixed values, and then consider a term ψ ν (ρ, φ, z, t) of the series. Eq.(2) teaches us that such term is a FW [1, 2, 3] of order ν, whose central longitudinal wavenumber (n = 0) is β ν 0 = Q ν , so that h ν 0 = k 2 − Q 2 ν ; and the FW intensity shape |F ν (z)| 2 in the interval 0 ≤ z ≤ L results to be concentrated: (i) either on a cylindrical surface having radius ρ ν ≈ s ν /h ν 0 [quantity s ν being the s value where J ν (s) gets its maximum value], in the case ν ≥ 1; or (ii) around the propagation axis z, with a spot radius r 0 ≈ 2.4/h 0 0 , in the case ν = 0. Here, we define ρ 0 ≡ 0. In any case,
Let us now examine the sum ψ ν entering Eq. Finally, the last sum, that is, ν ψ ν , refers to superposition of different order Before going on, let us stress the type of light structures which can be properly built up by the solution we started from. We know that each ψ ν in superposition (1) is a FW whose static intensity envelope can be regarded as a "piece" of light. Due to the interference present in any wave phenomena, when summing different FWs together, like ψ 1 and ψ 2 , one does not obtain the mere sum of their intensity envelopes. For instance, as well-known,
where δ is the phase difference between the two waves. To minimize the contribution associated with these phase differences, one has to avoid e.g. cases in which two different 
Theoretical Examples
In this section we apply our method to obtain some interesting structured optical beams.
We adopt a frequently used wavelength: λ = 632.8 nm.
We are going to represent with enough details our first example of a "Lego-beam":
Namely, of a beam whose spatial structure consists of two adjacent cylindrical surfaces, 12cm and 16cm long, with corresponding radii of 128µm and 182µm subsequently linked each other; besides a coaxial, central light-segment having spot 15µm and length 28cm.
To get such a beam, we use our "Lego-beam"-type solution, Eq. 
where δ p q is the Kronecker delta function and H(.) is the Heaviside function. The corresponding Q ν are evaluated on the basis of the wished values for the cylindical surface radii and for the light-segment spot, resulting to be:
Then, the coefficients A ν n can be easily obtained via Eq. (5); while the longitudinal and transverse wave numbers, β ν n and h ν n , respectively, are got by Eqs (3, 4) . In the present example, it was enough to use 25 Bessel beams in each one of the considered FWs:
that is, N ν = 12. In this case two FWs with the same order (larger than zero, of course) were adopted. In All these examples refer to cylindrical or threadlike structures (adjacent or coaxial in their location), having transverse sizes of tens of micrometers and longitudinal sizes of tens of centimeters: They being, therefore, highly resistant to diffracting effects.
Let us present in this Section a couple of experimental confirmations of our approach, by constructing two "Lego-beams" via a holographic setup that performs the optical reconstruction of computer generated holograms, sent electronically into a reflective Spatial Light Modulator (SLM), used in amplitude modulation mode, followed by a 4F spatial filtering system. Further details can be found in the caption of Fig.4 .
We obtain the 2D CGH of a "Lego-beam" through the complex transmittance function (hologram) obtained from the desired resulting beam at the origin Ψ(ρ, φ, z = 0, t), with Ψ given by Eq.(1). The hologram equation is expressed by [32, 33, 37, 38] :
where α(x, y) and θ(x, y) are amplitude and phase, respectively, of the complex field Ψ(ρ, φ, z = 0, t), quantity β(x, y) = [1 + α 2 (x, y)]/2 being a bias function chosen as a soft envelope for the amplitude α(x, y). In order to make easier the separation of the different diffraction orders from the encoded complex field Ψ(ρ, φ, z, t), the off-axis reference plane wave exp[i2π(ξx + ηy) is used, shifting, in the Fourier plane, the center of signal information to the spatial frequencies u 0 ; v 0 .
The holographic setup used in the experimental reconstruction process of the CGH of our "Lego-beams" is shown in Fig.4 . The coherent light from the He-Ne laser (632.8 nm)
passes through the spacial filter SF and is collimated by lens L1; it is then reflected by mirror M1 and polarized by polarizer P1; when arriving at the beam splitter BS1, the light is directed to the reflective SLM (model LC-R 1080, Holoeye Photonics), where the CGH was sent electronically, and diffracted, proceeding to polarizer P2. To select the correct diffraction order of the reconstructed (diffracted) beam, a 4F filter is used after the SLM, composed of two lenses (L2 and L3) and an iris diaphragm (ID). Finally, the "Lego-beam" is acquired by the CCD camera (model DMK 41BU02.H, Imaging Source), at subsequent locations along z.
Figure 4:
The holographic setup used in the experimental reconstruction process of the CGH's of the "Lego-beams". Where: Laser is a He-Ne (632.8 nm) laser; SF is a spatial filter; L1, L2 and L2 are lens; CoF is a neutral density filter; M1 is a mirror; P1 and P2 are polarizers; BS1 is a beam splitter; Blocker is an optical blocker; Reflective SLM is a reflective Spatial Light Modulator; ID is an iris diaphragm; and, finally, CCD is a camera.
The first experimentally generated beam possesses its shape similar to that of the first theoretical example, but with different values for the radii of the cylindrical surfaces due to the limited resolution of our SLM. Namely, we generate a beam whose diffraction resistant spatial structure consists in two adjacent cylindrical surfaces, 12 cm and 16 cm long, with the corresponding radii 148 µm and 203 µm, sequentially linked one to the other; while it coaxially exists a "light segment" having a spot of 38 µm and a length of 28 cm.
We use, therefore, our "Lego-beam"-solution, Eq. Let us now pass to the second experimentally generated "Lego-beam". We choose two coaxial cylindric light surfaces, in analogy to our theoretical Fig.3(b) , wherein we used two equal-order FWs (while for the experiment we adopt two different-order FWs).
More specifically, we want to generate two coaxial light-surfaces, having the same length Intensity of the first "Lego-beam" generated experimentally, whose diffractionresistant spatial structure consists in two adjacent cylindrical surfaces, 12 cm and 16 cm long, with the corresponding radii 148 µm and 203 µm, sequentially linked one to the other; while it exists coaxially also a "light segment" having a spot of 38 µm and a length of 28 cm. On the top right corner, in smaller size, we reproduce the correspondent theoretical prediction.
where, again, δ p q is a Kronecker delta and H(.) a Heaviside function. The corresponding Q ν values, depending on the chosen cylindrical surface radii, are:
As before, coefficients A ν n are evaluated via Eq. (5), and the longitudinal and transverse wave numbers (β ν n and h ν n ) are calculated by Eqs (3, 4) . For this example we use Various theoretical examples are developed and, moreover, our method has been experimentally verified by the production of two Lego-beams via a holographic setup, that performs the optical reconstruction of computer generated holograms through a reflective Spatial Light Modulator (SLM) followed by a 4F spatial filtering system.
The study of structured light is known to have played an important role in several areas of optics and photonics; and our present results can find interesting applications in all sectors in which more sophisticated light beams are needed, such as optical tweezers, optical guiding of atoms, light orbital angular momentum control, imaging systems, remote sensing, light detection and ranging, microscopy, metrology, optical communications, quantum information, etc... All these technologies are growing, and mastering the various types of structured light is becoming more and more important [39] .
For completeness' reasons, let us be here a little more specific about the expected applications of our "Lego-beams", e.g., in the four sectors of optical tweezers for (e.g.) biological manipulations, atoms guiding, non-linear optics, and interaction of electromagnetic radiation with Bose-Einstein condensates:
(i) Optical tweezers are known to be a highly valid instrument for confining and manipulating nano or micro particles, including biological "particles" like bacteria, cells, viruses, etc. The use of Non-Diffracting Beams caused many improvements [8, 9, 10, 11, 12, 13, 14, 15, 16, 17] , at the point that it was regarded as revolutionary in a Nature's paper [13] . Among their advantages, let us mention the possibility of simultaneously imprisoning many scatterers. Ability in the spatial modelling of non-diffracting beams, as by our "Lego-beams", is certainly useful for optical micro-manipulations, generating new light structures that could not be imagined before: For instance, by linking together a zero-order FW (devoid of orbital angular momentum) with a FW of order 1 or more (carrying orbital angular momentum), it becomes possible to create a confining region, wherein the particles do not receive angular momentum, followed by another confining region in which the particles get angular momentum from the optical field and start rotating.
(ii) Another sector where use of non-diffracting beams resulted useful and promising is the optical guiding of neutral atoms, when Bessel beams of order larger than zero (nondiffracting hollow beams) generate optical potentials with the same shape [18, ?, 20, 21, 22, 23, 24] . Again, the possibility of obtaining diffraction-resistant beams with various interesting, new spatial configurations (by connecting different FWs together), namely our "Lego-beams", can lead to unprecedented optical potential configurations for guiding, or holding, neutral atoms.
(iii) Applications in material modification, more specifically on the creation of waveguide structures and microchannels for microfluidics through the process of laser-writing, where a femtosecond laser induces a material modification (e.g. refractive index modification)
in the longitudinal direction. Studies [40, 41, 42, 43] have related good results for laser micromachining in glass with Bessel beams, obtaining microchannels with 2 µm of diameter and with high aspect ratios (up to 40). "Lego-beams" could be used for laser-writing waveguide structures and microchannels (for microfluidics) with a great variety of forms and, due their diffraction resistant characteristics, with long longitudinal lengths.
(iv) A fourth interesting sector would be that of examining (theoretically, and experimentally) the interaction of our "Lego-beams" with Bose-Einstein condensates. The
Gross-Pitaevskii equation -describing a weakly interacting Bose-Einstein condensate, at the limit of zero temperature-is known to possess a mathematical structure similar to the non-linear Schroedinger equation of optics. Such a mathematical equivalence suggests that, while in the non-linear Schroedinger equation the light is the wave propagating in a medium constituted of atoms, on the contrary in the Gross-Pitaevsky equation the atoms play the role of the wave (matter wave) and the light acts as the propagation medium [44] . It is tempting, in this context, to investigate in theory and experiments the effect of "Lego-beams" structures on those condensates.
